Complex VNariables

Holomorphic  Functions

Triangle Tnequality : [viwl ¢ Iv] +1w)

lvl-1wll g1v-w]|

Cauchy Riemann Equakions © F(a4iy) = w(uy) +iv(ouy)

If £ is holo at 2e=Xotiye, +hen

] v -] - NV
5‘:("%:!03 Y] (%s,90) a_‘;' (xo0,90) = 3—x(1°l‘3°)

Theorem: £:U >C | ond v Ccontinuously diff + Saisfy (CR),

then on neighbourhood W, £ diff ox =2 €WU.

Wseful Funchions/ Formulae.

¢ exp(2) =e*cosy +isiny) o expleaw) = exp(a) exp (w)

« eyp'(2) = exp(2) holo e exp(x+2m) = exp()

Cos(z) = explia) +exp(-ix) sin(2) = explia) - exp(-i)
a ai

wh (@) = exp(2) 4 exp(-2) sinh () = exp() - exp(-3)
a Q

Iog('ﬂ = %wed.‘ s expw) = %}

log(a) = % ulz| +ikg(2) +amik :

REN 5 holo except ac
log( 2) -

log(2w) = IogLa) + log(w) - Iog(’c) on branch cut

Compier  Powers

Principal branch:  Log(z) - Inlel + i Ag(e)

0,2 €eC 2% : 7 explaw) ¢ welog()}
2% = § exp(wtoga)) exp(iw2Tk) = keT}

o | 2

LA one unique \vatue

]

fa 9 vaes (P9 Coprime)
Ircat/
Nonreal @ many  yalues

2%F - 2P g, prncipal  branch A% = exp(atog(®).

Tmportonty 4o Enow:

- representing CompleX numbers in cartesian + polar form.
2 wha holomorphic  means

~ how to Show a fundion is not holomorphic

—_

what  ihe Logarithm 1S, how & multivalued, and now 1 festdact +o one value
> Where a  branch of the logarithm  Rails 4o ke holomorphic

Formuta  for  complex powers.

Complex Integrals

b b ®
f:R>C fa £t) de = Lu({) dt +3Lv(£)dt

f ocom, = ‘i: foc oiff F: Cab) » C, +wen L,h £ dt = F(b) - F(a)

[Jorewal] ¢ Jlreoa

Integrating a complex funciion along a Contour:

[ regular Curve from 2o 4o %, £ T > C comtinuous. Then

ATl
fr Q) da - fh @)Y a

t
e(r) == f“ [¥'(#)] dt

(length o o contour)

( M-L lemma)

may
| [rfe x| ot Lrayecr)

[ 40y dax = - T fe) aa

DS C,  closed ontour in D, £:D->C con wl omider- F. Then

IRICK I

Path Independence Lemma: TFAE:

1) F hos an antiderivative F on D

) [r$@) dx=o0 for all closed Convours [ in D, and

3) ol contour integrals fré@ax are independent of path T,

Only endpoints.

Tmportant 40 Know:

> IF F:USC s holo, *hen Sr“*) d¥ =0 g any loop FCW

= If £:W>C is holo, +hen § $2) da depends only on +he endpoint of Convour T .

This £t point is:

Cauchy Integral Theorem : [ a loop, and + holomorphic inside and
on . Then -
3) da =
Jo#@ax =0
Model  Example of integrating a Function 4hat is mot Wolo ar @ Single peint %o:

Theorem: €€, T a loop w/ e dT. Then

J NI AML 3, € Ine(T)
r T-%o =

0 o¥herwise
Gieneralizing +his -

Cauchy 's xntegral Formula: T loop, o€ IMm(T), £ holo inand on T.Then

oo ()
FRo) + L j 2 e

% “%o

Generalized Cauchy TIntegral formula: same  hypotheses Gs Gbove, then
£ s infinitely differentioble o+ %, and VNnewN,

*.m(h) .ol £(2)

— | — da
ami (-t




Series Expansions £or holo functions

Dfn: Ifn(aN Converges
Yo, [fa(2) - #2)1 <€

pointwise 4o £(2) if ¥ 2€C, €>0, I neN st

Den: 1fa(3N Converges unifuemly to £(2) if N €>0, I meN st N nw N,

[en(2) - $) <€y, ec.

Weieys}msst%esh SEC,$n: S c, Mn>0 ¢t N2ES, nuno, €a(2) | <Mq,
z

Suppose -,”Nj converges. Then 1=, fi () Converges uniforenty on .

Tf fa—> £ converges uniformly,

N G T T LT

o fnomolo = £ nolo (Morera's)

- o ) .
1f ]1':3(*) corwerges  uniformly, fe ZhHE 4. Jp i e

Power Series

o0 .
Tam : N %oﬂj(%--‘h)" with r.0.c R. Then £ holo on Dk(h\.

Taylor Series

Dfn: 16t 20 €C. Ond F holo at 2o . The Taylor series of § cervered ot

20 is the power series

o) ) .
R "2 (2-2s)
o )

Theorem @ 2 €C, R>0, € holo on Dr(R)- Then Taglor  Series for §

Centered ad 2w Converges +o  F(2) ¥ 1 eDR(R), gnd (onverges uniformly

on D2 N 0¢r<R.

Common  Tayloc  Expansions o 2 =o:

\ 2 o .o
LS o Ry 2
= = Sin(2) = ;L_-n G

) 1:‘
exp (2) = {__ Ty
)0 J. . 2
Simh(2) = E.m[
?)
] R
Cos(2) = & -0 —, = gin
j=o )! Cosh(a) = 2:-_0 ame

Prop:’ ¥ holo on Dr(2), +nen Hfor = € Dgr(Rs),

LN ST YR .
@ : Z "‘_J.‘i\ (2 -1a)’
o))

Imporkant 4o know:

— every  holomocphic funckon £:U > C  nas a Unique power series  representation

T To find power sevies creps of functions, e@asiest +v combine Know ones above.

Laurent Series

Dfn: Ller 3, €C be an isolaked singularity of f:U >C , and £ holo 6n the

punchured disc of radius r Centered at 2 D (20) - Then £ has 4 lauremt expamsion

Centered ot 2, that is \alid on an  ganaus € Dr'(Re):

i 03 (a -1.)3

jy=-oo

@) =

Thm: 0 €C, 0crcReed, £ hols on  Ar,R(2). Then + has a Laurent

sevies  expansion which  Converges on  Ar,R(%0), unifemly on Ar,R, (30,

w/l coefficients gwen by

ai = £(x) )
NPT fr (2- o)™

Thm: Laurent series are unique.

Gieneral Ideq:

= ot eveny funcrion is  holomorphic, but welre SKI interested in  exploring them.
T2 We can skll Shudy funcrions dhat have iSolated Singularivies.

— These functions doA+ have power sevies expansions, bW Laurent Series expansions.

— When finding a L-S.E, dont Wse 4he above  integral formula for the coe®s,

¥nown Tay\er / Laucem Sevies.

bur rather (owmbing

Cauchy Residue Theorem

Thm G.0l: €C , £ holo on DR'() 4o ssme R>0  witn an isolated

Singularity ot 2, and [ € Da'(20), 2o € Int (). Then

fr f(z) dx = ania,,
in Laurent sevies of £ ar Ao.

Res(fj2a) = G-y & Coe of (% -1o)"

Lemma: €€, £ holv on Dg‘(\n), pole oder m ar . Then

-1
Res (€, o) = lim 1 4™ ot
232 (m)! g (-3 F)
Important 4o Know:
=  we often wont 4o Calculate  Complex integrals +hot Ove ircky.

> T+ Yuens out, nowever, that often ihe integral  Can be Compured Simply by

\boking o+ +he  Lowrent  Series expansion of tnhe function  Centered on a Singuiarity

Contained inside ive  Contour .



